Let E be a real Banach space and T : E → E an asymptotically demicontractive and uniformly LLipschitzian map with F (T ) := {x ∈ E: T x = x} = ∅. We prove necessary and sufficient conditions for the strong convergence of the Mann iterative sequence to a fixed point of T .  2004 Published by Elsevier Inc.
Introduction
Let E be a real normed linear space, E * its dual and let · , · denote the generalized duality pairing between E and E * . Let J : E → 2 E * be the normalized duality mapping defined for each x ∈ E by
It is well known that if E is smooth then J is single-valued. In the sequel we shall denote the single-valued normalized duality map by j .
The map T is called asymptotically nonexpansive with sequence {k n } ⊂ [1, ∞) if lim n→∞ k n = 1 and ∀x, y ∈ E, T n x − T n y k n x − y , ∀n ∈ N, (1.1) and is called asymptotically pseudocontractive with sequence {k n } if lim n→∞ k n = 1 and for all x, y ∈ E there exists j (x − y) ∈ J (x − y) such that T n x − T n y, j (x − y) k n x − y 2 , ∀n ∈ N.
(1.
2)
The map T is said to be uniformly L-Lipschitzian if ∃L > 0, a constant, such that ∀x, y ∈ E and ∀n ∈ N,
Let F (T ) := {x ∈ E: x = T x} = ∅ denote the set of fixed points of T . If Eqs. (1.1) and (1.2) hold ∀x ∈ E and ∀y = x * ∈ F (T ), then the map T is said to be, respectively, asymptotically quasi-nonexpansive, and asymptotically hemicontractive. Let E = H (the Hilbert space). A map T : E → E is said to be k-strictly asymptotically pseudocontractive (see, e.g., [3, 5] ) if there exists a sequence {a n } ∞ n=0 with lim n→∞ a n = 1 such that
for some k ∈ [0, 1) and for all x, y ∈ E and n ∈ N. T : E → E is called asymptotically demicontractive (see, e.g., [3, 5] ) if there exists a sequence {a n } ∞ n=0 with lim n→∞ a n = 1 such that
for some k ∈ [0, 1) and for all x ∈ E, x * ∈ F (T ) and n ∈ N. The class of k-strictly asymptotically pseudocontractive and asymptotically demicontractive maps were introduced by Liu [3] . If k = 0 in (1.5) then T : E → E is asymptotically quasi-nonexpansive. Let E be an arbitrary Banach space. T : E → E is k-strictly asymptotically pseudocontractive (see, e.g., [4, 5] ) if ∀x, y ∈ E there exists j (x − y) ∈ J (x − y) and a constant k ∈ [0, 1) such that
Furthermore, it follows from (1.6) that T : E → E is asymptotically demicontractive if F (T ) = ∅ and for all x ∈ E and x * ∈ F (T ) there exists
In 1973, Petryshyn and Willianson [6] proved a necessary and sufficient condition for the Picard and the Mann iterative schemes to converge strongly to fixed points of quasinonexpansive mappings in Hilbert spaces. Liu [1, 2] extended the above results and obtained some necessary and sufficient conditions for an Ishikawa-type iterative scheme with errors to converge to fixed points of asymptotically quasi-nonexpansive maps.
It is our purpose in this paper to prove necessary and sufficient conditions for the strong convergence of the Mann iteration process to a fixed point of an asymptotically demicontractive map in (real) Banach spaces. Our theorems thus improve and extend the results of Liu [1, 2] , Osilike [5] and several others.
Preliminaries
In the sequel we shall make use of the following lemma. 
Remark 2.2. Let E be a real normed linear space. Then ∀x, y ∈ E and for j (x − y) ∈ J (x − y) the following inequality holds:
Main results

Lemma 3.1. Let E be a real normed linear space and T : E → E a uniformly L-
Lipschitzian asymptotically demicontractive map with sequence {a 2 n } ⊂ [1, ∞) and F (T ) = ∅. Let {c n } n 0 ⊂ [0, 1] be a real sequence such that n 0 c 2 n < ∞ and n 0 c n (a 2 n − 1) < ∞. Let {x n } n 0 be the sequence generated from an arbitrary x 0 ∈ E by
Then ∀x * ∈ F (T ) and ∀n, m ∈ N,
Proof of (a) and (b). Using (1.7), (2.1) and (3.1) we get that
Moreover,
And hence,
where γ n = c n (
So that x n − x * M for some M > 0. If we set β n = x n − x * 2 and b n = γ n M 2 then, by Lemma 2.1, lim n→∞ x n − x * exists.
Proof of (c). From (3.2) we get
where λ n = γ n − c 2 n . Moreover, In particular there exists x * ∈ F (T ) such that d(x N 1 , x * ) /(3D). Now from Lemma 3.1(c) we have that, ∀n N 1 , that
Proof of (d)
Hence lim n→∞ x n exists (since E is complete). Suppose that lim n→∞ x n = x * . We now show that x * ∈ F (T ). But given any˜ > 0 there exists a positive integer N 2 N 1 such that ∀n N 2 ,
Thus, there exists y * ∈ F (T ) such that
We then have the following estimates:
Since˜ > 0 is arbitrary we have that T x * = x * . This completes the proof. 2 Theorem 3.3. Let E be a real Banach space and T : E → E be a uniformly L-Lipschitzian asymptotically demicontractive map with sequence {a n } and F (T ) = ∅. Let {c n } n 0 ⊂ [0, 1] be a real sequence such that n 0 c 2 n < ∞ and n 0 c n (a 2 n − 1) < ∞. Let {x n } n 0 be the sequence generated from an arbitrary x 0 ∈ E by (3.1). Then {x n } n 0 converges strongly to x * ∈ F (T ) if and only if there exists an infinite subsequence of {x n } n 0 which converges strongly to x * ∈ F (T ).
Proof. Let x * ∈ F (T ) and {x n j } j 0 a subsequence of {x n } n 0 such that lim j →∞ x n j − x * = 0.
Since, by Lemma 3.1(b), lim n→∞ x n − x * exists then lim n→∞ x n − x * = 0. 2 Remark 3.4. The extension of our theorems to Ishikawa-type iteration process and to iteration processes with errors is now routine.
